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Fixed-Order Dynamic Compensation for
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This paper considers the design of fixed-order dynamic compensators for multivariable tlme-lnvanant linear
systems, minimizing a linear quadratic performance cost functional. Attention is given to robustness issues in terms
of multivariable frequency domain specifications. An output feedback formulation is adopted by suitably augmenting
the system description to include the compensator states. Either a controller or observer canonical form is lmposed
on the compensator description to reduce the number of free parameters to its minimal number. The internal structure
of the compensator is prespecified by assigning a set of ascending feedback invariant indices, thus forming a

Brunovsky structure for the nominal compensator.

Nomenclature
A,B,C = system matrices
A,B,C = augmented system matrices
E = expected value
G = output feedback matrix
G = augmented output feedback matrix
H° = prespecified compensator output matrix
1 = identity matrix-
J = cost function
k; = predefined controllability indices of P
I = predefined observability indices of P
nm,p = system state, input, and output dimensions
ne = compensator state dimension
nmup = input and output state shaping filter dimensions
N° = prespecified compensator input matrix
P,N,H = compensator matrices
P, = compensator feedback gain matrix
P = prespecified compensator matrix in Brunovsky
form
O.,R = state and control weighting matrices

0, (jw) = hermitian rational output weighting matrix

R(jw) = hermitian rational input weighting matrix
s = Laplace transform variable

U, = input from compensator

U = new input

Wy = output shaping filter state

W, = input shaping filter state

xu,y = system state, input and output

x4,y = augmented system state, 1nput and output
" = new output

z = compensator state

0] = frequency

p = scalat control weighting

Subscripts

u = input shaplng filter matrices

y = output shaping filter matrices
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Introduction

Y T is well known that linear quadratic regulator (LQR) syn-

thesis methods have guaranteed stability margins. Unfor-
tunately, these properties hold only in the case of full state
feedback. Observer-based compensator design techniques exist
to estimate the unavailable plant states, making the LQR de-
sign viable. However, this combination of state estimation and
rcgulatlon may result in a-compensator demgn with poor stabil-
ity margins, even though the separate designs are robust. It has
Beent shown that an LQR design for minimum-phase plants can
be recoveréd via an asymptotic method called loop transfer
recovery (LTR).! The LTR method relies on a cheap control
formulation with a subset of the compensator dynamics be-
coming fast. In this postanalog era, finite word length, sam-
pling rate, or time delay may impede the use of high-gain
controllers when implemented digitally. Several other short-
comings of the LTR method that are related to plant inversion
are discussed in Ref. 2. Aside from thé robustness issue, the
order of the compensator when designed for large scale systems
may prove unwarranted.

Optimal output feedback design of fixed-order compensa-
tors introduced in the early 1970’s® has received limited atten-
tion over the years. Part of the difficulty in synthesizing optimal
dynamic compensators is that the standard approach of ad-
joining the compensator dynamlcs to the plant dynamics (and
reformulating as a static gain output feedback design) results in
an overparameterized formulation. This' is ar direct conse-
quence of the fact that the compensator lacks a predefined
structure, which invariably results in difficulties with conver-
gence to an optimal solution. The uniqueness of the compensa-
tor parameters is achieved by using a minimal realization of the
compensator and requires creating a set of constrairits among
the compensator elements.** Another difficulty rests with the
inability to characterize the stability margin properties. Unlike
the algebraic Ricatti equation that arises in the case of full state
feedback, the necessary conditions that result from the optimal
output feedback problem are not coriducive to analysis in the
frequency domain.

In this paper, we adopt a canonical form for the compensa—
tor that minimizes the number of free parameters. Two types of
control structures are formulated: the controller form and the
observer form. Both forms require a prespeCIﬁcatlon of the
compensator’s initial structure. Two salient features arise from
adopting these canonical forms: 1) a compensator design with-
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out direct output feedthrough can be readily implemented via
an optimal output feedback routine without the need to zero
unwanted feedback elements; and 2) this structure of the com-
pensator does not require penalizing the compensator states in
order to guarantee a nonzero or coupled solution, a problem
that occurs when followrng a standard output feedback design.

Problems can arise when trymg to redes1gn the compensator
after examining the stability margin properties for the feedback
loops broken at the 1nput or output of the plant. The approach
taken in this paper is to extend the method of frequency-
dependent cost functionals® to the output feedback problem.
Frequency-shaped ‘measurement and control weightings- are
used to expand the compensator so as to enhance the system’s
closed-loop robustness. A natural extension is to include
the robust regulator problem, where an internal model for
external drsturbances and input commands is added to the
compensator.’

Dynamic Output Feedback

Consider the multiloop feedback control system for the plant
described by

X =Ax+Bu xeR",ueR™ (1
y=Cx yeR? 2)
and controlled by a dynarnic compensator of order #,
u=—Hz 3
i=—Pz~Ny zeR™ )]

The order of the compensator n¢ is chosen a priori subject to
the stabilizability to the closed-loop system. A lower bound on
the compensator size required to guarantee stability of the
nominal closed- loop system is presently unavailable and will
not be addressed in this paper.

The plant described in Egs. (1) and (2) can be characterized
by the rational matrix transfer function description,

G(s) =C(sI —4)~'B )

Similarly, the compensator ¢ descrlbed in Eqs (3) and (4) can be
’characterlzed as

K(s) = HsI+P)~'N 6)

The strict properness of the compensator K(s) dvoids the direct
passage of unmodeled high-frequency measurement noise not
accounted for, but 1mpl1cxtly assumed, 1n the design synthesrs

Defining x* = [x' z), 7 =[y42"] and 7' = [u’ ull, u, = 2, the
dynamic compensator design can then be expressed in terms of
a standard output feedback problem as

#=Ax+Bi, #=[x'z] TeR" ©)
§=Cx jeRr*™ ®)
i=—Gj deR"*"c 9
where ,
. [4 0] 5 [B O
A=[0 0]’ B_"[o 1,,0]
~ [c 07 ~ [0 H
= = 10
e[ t) o] o

The output feedback problem is then optimized according to
the following augmented performance index:

J(P,NH) = {j[}?’Qx + 4'Ril] dt} (ll)
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where the expectation is taken over some initial distribution
On xO

Since the input/output characteristics of the compensator are
invariant with respect to any nonsingular transformation 7,
the compensator representation is in at least one sense over-
parameterlzed When the compensator parameters (P,N,H) are
souglhit in conjunction with an optimal LQ output feedback
formulat1on this redundancy in the compensator parameters
generally leads to convergence difficulties.

A second computational problem in the above formulation
is that the upper left-hand block of the output feedback gain
matrix G 'must be constrained to zero. For large-order con-
troller desrgns introducing a oonstramt of G slows convergence
considerably.

Given the triple (P,N,H), there exist various similarity trans-
formations that reduce the number of free parameters. In Ref.
4, Pis arranged in a block diagonal form with each block in
compamon form of degree two. Unfortunately, this formula-
tion requires constraining many elements of G to zero. Hence,
an important aspect of this section is the construction of a
compensator description with a minimal number of free
parameters and with an output feedback formulatron wherein
G has 1o zero elements.

It is known that, for a controllable pa1r (P,N), there exists a
set of controllability indices which are invariant with respect to
any basis change. Likewise, for an observable pair (P,H ) there
exists a set of observability indices that share this same invari-
ance property. Given either a controllable or observable system
and their respective controllability or observability indices,
the maximum rumber of parameteres needed to uniquely
define the input/output description can be reduced from
ne(ne +mc +p) to ne(m + p).2 Two canonical forms of the
compensator triple (P,N,H) are used here as a basis for fixed-
order compensator synthesis, namely, the controller form and
the observer form.

Controller Canonical Form

The following theorem depicts a structure for the compensa-
tion by providing a controller canonical form.?

Theorem 1. For a controllable compensator [Eqs. (3) and
(4)] with N full rank, the triple (P,N,H) can be transformed
into a controller canonical form, redefined as (P,N°,H), where

Py P, ... P,

Py Py ... P,
P= .

_Ppl PPZ Ppp

0 1 0 0]

0 0 1 0
Py=1. . . . s

0 00 1

X X X .. Xlgixk

[0 0 0 0]

0 00 0
P, =
i#j

_x X X ... x_ ki > ki

x = possible nonzero element
=block diag{[0---01]f.,i=1,...p}
H = arbitrary
if the controllability indices k; of the original triple (P,N,H)
satisfy the following conditions:

P
1) Y ki=nc
=1

2) k <k +1
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If the indices are not in ascending order, one can rearrange
the columns of N° such that condition 2 holds.

The significance of the above theorem is that one can a priori
choose the internal structure of the compensator by assigning
a controllability index for each plant output in accordance with
condition 1, reorder the elements of y to satisfy condition 2,
and then optimize the nc(m + p) compensator parameters. This
leads to the following controller canonical form for the com-
pensator: : o

u=—Hz, ueR"™ ‘ (12)
i =P% + N%, — N%, zeR™ (13)
u,=—P,z, uéeR‘f (14)
where
P° =Dblock diag[Py, ... ,P)]
with
010 ...1
0 01 0
P=|. .. (15)
0O 00 1
0 0 0 ...00%uxs

Matrices H and P, are free-parameter matrices with dimen-
sions (m x nc) and (p x nc), respectively.

Now, augment the plant states to include the compensator
states, that is, let "= [x"z’], =z, and #‘=[u",u."]. The ex-
tended output feedback system is then given by

#=A%+ Bi (16)
5=Cx an
i=—-Gy (18)
where
. 4 0 ~ [B 0
A—[—NOC P°]’ Bf[o N"]
~ ~ [H
= I =
C=[0 LJ G [Pz] (19

Unlike the standard output feedback formulation [Egs. (7—
10)], the above formulation minimizes the number of free
parameters and has no zero elements in G. The ith row of P,
_in Eq. (19) corresponds to the bottom row of free parameters
in a Py ‘

U, 1 u o Yy | %
—» R (jo)—» Gljo) —p Qy(]m) L ' p

Fig. 1 Relationship between plant and shaping filters.

Fig. 2 Compensator in observer form with output frequency shaping.
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Observer Canonical Form

Next, an observer canonical form for the compensator is
presented. The next theorem characterizes the structure of this
compensator. :

Theorem 2: For an observable compensator [Egs. (3) and
(4)] with H full rank, the triple (P,N,H) can be transformed
into an observer canonical form, redefined as (P,N,H®), where

P, P, ... P,
Py Py ... Py, |
P=
Pml Pm2 Pmm
0 0 0 x7
1 0 0 x
P,=]0 1 0 x
Lo 0 ... 0 x,us
[0 0 ... 0 x
00 0 x
P,=1]0 0 0 x
l#J . . . .
L0 0 ... 0 x|,us

x = possible nonzero element

H®=block diag{[0...0 1], ,.i=1,...m}

N = arbitrary -
if the observability indices ¢; of the original triple (P,N,H)
satisfy the following conditions:

2) £ty

Just as in the controller form, if the observability indices are
not in ascending order, one can arrange the rows of H° such
that condition 2 holds. '

From theorem 2, the compensator equations (3) and (4) can
now be written as

u=—H, ueR™ : (20)
z=P% +u, zeR™ (21)
u,=P,u— Ny, ucevR"c (22)
where
P° =block diag[P°,,...,PY]
with
0 0 00
1 0 00
Pl=|0 1 0 0 (23)
00 ... 00|,

Now N and P, are free parameter matrices with dimensions
(nc x p) and (nc x m), respectively. Here the ith column of P,
corresponds to the last column of free parameters in P;.
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The compensator design is now formulated as an output
feedback problem for the observer form. Let ¥'=[x’z’],
@ = u,, and ' =[y’,—u'}. The augmented system of Eqgs. (16—
18) in conjunction with the system matrices

. [4 —BH® 0
- B=
b 7w} o]

~ c 0 ~
C=[O Ho], G=IN P] (24)

defines the output feedback problem. Just as in the controller
form, the above formulation minimizes the number of free
parameters and has no zero elements in G.

In comparing the controller and observer forms, it is inter-
esting to note that their minimum dimensions are p and m,
respectively. This corresponds to the case where k;,=¢; =1.
Thus, the observer form may be preferred when p >m.

Frequency-Shaped Dynamic Compensation

Consider the linear quadratic cost functional in the fre-
quency domain

J= E{ﬂr [£4(je)QF(jo) + y*(jo)0, o) jo)
0

+ u*(jo)R(joyu( jo) + uf(jo)Ru jo) dw} (25)

where O and R, are constant coefficient matrices. The hermi-
tian rational matrices 0,( jo) and R( jw) are non-negative and
positive definite, respectively, and are a function of squared
frequency w?. They are defined as

0,(jw) = Q¥(j)Q,(jw) (26)
and
R(jw) = R*(jw)R( jw) (27

where ( )* denotes a complex conjugate transpose. Further-
more, the rational matrices Q,( jw) and R( jw) represent shap-
ing filters and define a new input y; and a new output u,, as

y1(jw) = Q,(jo)y( jo) (28)

and
u,(jw) = R( joyu( jw) (29)

The relationship between the new output y, and new input u,
and the plant output y and input « is illustrated in Fig. 1.

The frequency-dependent cost functional can be expressed in
the time domain by substituting the new output and input
states for the frequency dependent weighting matrices in Eq.
(25) and then applying Parseval’s theorem to obtain

J= E{J [R°OQ% +y| y, +uiuy + ulRu] dt} (30)
o

The LQ optimization can now be viewed as an output feedback
design with the new ouput y, and the new input u, and the
proper matrices Q,(s) and R ~1(s) being realized as

Qy(s)=Ey(SI—Fy)_1My +Jy (31)

or
W, = Fw, + M,y, w,eR™ (32)
n=Ew,+Jy (33)
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and
R7Y(s)=E(sI—R) M, +J, (34)
or
w,=Fw,+Mu, w,eR™ (35
u=Ew,+Ju (36)

To illustrate the use of frequency shaping, the dynamic com-
pensator in observer canonical form will be considered below.
A parallel procedure exists for the controller canonical form.”
Expanding the compensator form of Egs. (20-22) to include
the input and output filter states, we have

u,=—HC 37
2=P% tu, (38)
U = — Nyl - Gzywy - quwu + P2u1 (39)

Reformulation as a static output feedback problem using
the augmented system description [Eqs. (16-18)] where £’ =
[xiwiwyz'l, 9 ={ylw,wi,—uil, and & =u, results in

A 0 BE, —BJH® 0
o |MC E o0 0 5|0
0 0 F, —-MH| 0
0 0 0 P, I,

JC E, 0 0

N 0 I, 0 0

C= P
0 0 I, O

0 0 o0 H°

G=[N G, G, P] (40)

The composite compensator with output frequency shaping is
shown in Fig. 2 and the composite compensator with input
frequency shaping is shown in Fig. 3. Further extensions to the
robust regulator problem for disturbance rejection and com-
mand following using the internal model principle can be
found in Ref. 7.

Application

This section illustrates a robust fixed-order compensator
design for a two-output/single-input system. The example, a
design for an azimuth pointing control system for a multiple-
mirror telescope, is taken from Ref. 10 where a frequency- .
shaped filter was used to improve the robustness of an
observer-based compensator. The numerical method described
in Ref. 11 was used to obtain the output feedback gain matrix.

pre;speaf;'ed 'J—]
| B

Fig. 3 Compensator in observer form with input frequency shaping.
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The plant is described by the triple (4,B,C) as

0 i 0 0
e ~1.4x10* —0.833 1.14x 10° 0
- 0 0 0 1
6.03 0 603.0 —~1.47x1073
0
0.278
B Cc= 0100
0 0010
0

The state and control vectors are

0,; | motor shaft angle, rad
w,, | motor shaft rate, rad/s

X =1 0, | azimuth pointing angle, rad
wr | telescope angle rate, rad/s

u = t, commanded motor torque, 1lb- ft.

The measurements are ©,, and 8. For design purposes, the
plant triple (4,B,C) is transformed to modal coordinates as

—~0.396  109.6 0 0 0
~1096 —039% 0 0 | 0264

- 0 0 —00432 0|’ T | 0316
0 0 0 0 0316

(41)

c —0.015 0999 —0.0432 0
- 0 0 —0.0999 0.01

In Ref. 10, an observer-based compensator was designed based
on the low-frequency modes (0 and —0.0432) by truncating the
transformed plant model. The resulting compensator was then
cascaded with the full-order system.

Magnitude (db) == Phase (deg) —
80 180

col 150
\ 120
ol N 90
20 \\.‘ 60
B N
N W zo
o
N
20} N -30
\ B -60
-0} v \,’ Ny -90
A% -120
-60F N\
SRR R Sy o S 2SR Ng -150
-80 -180
107! 100 ! 2 103

10
frequency (rad)

Fig. 4 Frequency response of u(s)/u’(s) for the first-order compensator.
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Here, the fuli-order model is used. In this study, a first-order
compensator in observer form is used to stabilize the system.
This form permits feeding back two measurements without
requiring a second-order compensator. For this example, Egs.
(20~22) reduce to

U, = —m@y —mr+p.u (42)

The performance index for the augmented system was chosen
as .

J= E{ J m[)Z’Q)E + pa?] dt} (43)
0

where £’ =[x‘,z] and
. 107 —107
Q = dlag[()»OaQtaO:]; Qt = [_ 107 107:| i
pe=1
E{%%6} =15 (44

The resulting compensator gains are

G~ = [nl’ ny, pz]
=[1.09 x 10, 1.97 x 10%, 4.88] (45)

The open-loop transfer function for the loop broken at the
input is listed in Table 1 and the frequency response is shown
in Fig. 4. There exists only 3 dB of gain margin.

A notch filter is used to improve the stability margin for the
above design by defining

R=Y(s) = (s? 4+ 2s + 0?) (s> + 2L ;05 + w?)  (46)
where o is the resonant frequency of the flexible mode, { the

damping ratio, and {, the desired damping ratio. From Eq.
(41), w =110 rad/s, { =0.005, and {, was selected as 0.707.

Meagnitude {db) - Phase (deg) —
80 180

1 150
60
\\ 120
o} NG 90
h 60
i
20} \\ it
)
\~ | \ 0
20 \\ N -30
,.--i“\ -60
-
-40 \I N\'\\ -90
60 "N\ -t120
- L Y -iso
- H i
-80 -180
107! 10° 10! 2 103

Frequency (red)

Fig.5 Frequency response of u(s) /u’(s) for the third-order compensator.

Table 1 Loop transfer functions for loop broken at input

First-order compensator

)

303.8 (s + 1.72)[(s — 1.346)2 + (24.81)7]

w(s) (s +0.0432)(s +4.881)[(s +0.396) + (109.6)?]

Third-order compensator with frequency shaping

) _

594.1 (s +2.92D)[(s — 1.912)2 + (25.33)2] [(s +0.56)% + (110)?]

w'(s) (s +0.0432)(s +8.0)[(s +88.35)2 + (52.6)I[(s +0.396)2 + (109.6)2]
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The notch filter is realized as

Wy =w,
Wy = —0?w, —2{ ,ow, + u,
u =20 —{how, +u, 47

and the compensation is given by

U, = —NWp — 107 — 8w —gaWa+ Pt (48)

The performance index is given by Eq. (43) for the augmented
system with % = [x’,w;,w,,z] and

. 107 —107
Q0 =diag[0,0,0,,0,0,0; Q,= |:_ 107 1 07:|
p.=0.001
E{Z %} =1, (49)
The resulting compensator gains were

G =['l1, ny, 815 g25pz] i
=[—=2.13%x 10% —6.81 x 105, 2.68 x 10%, 4.65 x 10%, 29.17]
(50)

The loop transfer function for the loop broken at the input is
listed in Table 1 and the frequency response of the compensa-
tor with frequency shaping is shown in Fig. 5. The gain margin
is increased tenfold to 30 dB and the phase margin is 28 deg.
These results compare favorably with the observer-based com-
pensator design. Here, the final compensator is third-order,
while in Ref. 10, the observer-based compensator with fre-
quency shaping on ,, is fourth-order. More importantly, this
design was based on a higher-order model. If the four-state
model was used in Ref. 10, the resulting compensator would
have been sixth-order by that design approach.

Summary

A method has been presented for linear quadratic synthesis
of fixed-order dynamic compensators without direct output
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feedback. Controller and observer canonical structures are for-
mulated, which minimize the number of free parameters to be
optimized and which do not require constraining parts of the
gain matrix to zero. Both compensator structures permit the
use of frequency-dependent cost functionals, which can be used
to improve the robustness of a fixed-order compensator design.
Frequency-shaped measurement and/or control weighting can
be employed.
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